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Amnoraugs—B noknane cdopmynupoBaHH JBe 3a4aYM M3 aHAJMTHYIECKO! TeOpMHU mepeHoca
TemIa M MacCcH. ARAINTHYECKHME pelleHNA TaHH C IOMOMbI0 KOMILIEKCHOTO NIpMMeHeH WA
HHTerpaJbHHX npeoOpasosamnit Oypse w Jlannaca.

NOMENCLATURE

a, B, v, variables of integration over space co-ordinates;

™, variable of integration over time;

x, , z, co-ordinates of a point in a three-dimensional space;

t, time;

¢, n, {, transformed co-ordinates x, y, z in an image region;

P, parameter of the Laplace integral transformation over time ¢;
=, sign of transition from an original to an image.

THE present paper deals with an analytical theory of heat and mass transfer of a bound matter for a
semi-bounded medium with boundary conditions of the first and second types.

In Luikov’s papers the analytical theory of internal heat and mass transfer in capillary porous
bodies is systematically developed, and is described by a set of partial differential equations of the
parabolic type. This set in potential form may be represented as follows:

%gt = a¥Vu + ajV°T, )
oT ou ®
P =a§V2T+a‘5t, J
where
o* o o ]
Vv = yris B + Pl 4—is the Laplace operator;

u(x, y, z, t)—is the distribution function of a bound matter (moisture), kg/kg;

T(x, y, z, t)—is the potential function of temperature distribution, deg;

al—is the conductivity potential coefficient of the mass of bound matter, m?/hr;

aj—is the heat conductivity potential coefficient (thermal diffusivity coefficient) m?/hr, a = a33;
8—is the Soret coefficient, deg-1.

Many problems in the analytical theory of heat and mass transfer phenomenon of bound matter
are reduced to the solution of the set of equations (1) for different boundary cenditions. Therefore
the accumulation of solutions of system (1) at different initial and boundary conditions has con-
siderable theoretical and practical interest.
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Solutions for system (1) at boundary conditions of the first and second kinds for a semi-bounded
one-dimensional and multi-dimensional medium were found by the author. These solutions are
given below.

Problem 1. Find functions u(x, y, z, t), T(x, y, z, t) in the region

0<x< @
Q{—ow<y<o t>0,
|—o<z<©

satisfying system (1) and boundary conditions of the second kind:

u(x, Y, Z, 0) =fi(x’ Y, 2)9 T(X, » 2 0) =fé(xs Vs Z), (2)
T
a_x_ om0 = ¢1(y1 z, t)a é_—x z-o= ‘P'.'(y’ Z, t)‘ (3)
Problem 2. Solve system (1) in the region of 2 with boundary conditions of the first kind:
u(x, Vs 2 O) =f1(x’ Vs Z), T(x’ Y 2 0) =f;(x’ Vs 2); (4)
u@©,y,2,1) = ¢dy(», 2, 1), TO,y, 2 t) =y, 2, 8). (5)

Functions u(x, y, z, t), T(x, y, z, t) are sought in the class for which the Fourier transformations
in space co-ordinates and the Laplace transformation in time, ¢, in the region of 2 are applicable.
We start from the regularity of the functions being determined at infinity u(x, y, z, t) - 0,
T(x,y,z,t) >0 at rt = x? + 32 4 22 > o0,

The application of integral transformation methods in solving system (1) makes it possible to
divide effectively the functions 4 and T and to carry out the solution of the problem to compietion.

Let
1 2] L)
= [ j u(x, 7, =, 1) exp litny + 1] dy dz = v(x, 2, L, 0),

—®]-®

51;, j:]: T(x, y, =, t)yexp [i(ny + {2)]dydz = T(x, 7, {, 1),
then
2_111 ITJL (g;’—: + g;l:) exp [i(ny + {)])dydz = — (2 + O v(x, 7, {, 1),
1 (= = (T & )
b j_mj_m (372 + gz) exp lity + L))l dydz = — (* + B) T(x, 7, §, 0)-
Denote

x/ (i) I : o(x, 7, §, £) cos x§ dx = v*(¢, , L, 1),

J(z) Im T(x, 4,6, tycos x Edx = T*(¢, 7, L, 1).
0

™
Applying the cosine transformation to the second derivatives

Pu(x,m, L, 1) &AT(x,1,4,1)
axs ’ ox2
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with regard to transformed boundary conditions (3)

D(n, 1) = 51;, J:J: oy, 2, t) exp li(ny + {2)]dydz (k =1, 2) (3%

\/(;27) j: g—:—; cosx édx =— Ev* (6,9, {, 1) — J(%) ®y(n, L, 1),

J (%) J: éa,}{ cosx {dx = — ET*(¢, 4,0, 1) — \/ (5) ®y(n, L, 1).

Apply to system (1) the bilateral integral Fourier transformation in variables, y, z, and the cosine
transformation in the variable, x. Then, taking into account condition (3*) and the regularity of
functions at infinity, we obtain:

we obtain

ov* 2
= —ae ot oot — e+t o — [ (2) @+ o,
(1*)
oTr* ov* 2
For the system (1*) the initial conditions will be:
2 -]
F*(En,0) = J (,—,) L Fyx,n, Doosx dx..., 2%
where
2 ®© ©
At = () [T [T s e tity + 0 ey e
Assume

(L, m, & P) = [ v*(£, 7, §, ) exp (—Pr) dt,
T*(E, B c! P) - J.(;” T*(§9 s C’ t) exp (_Pt) dt.

Then after the Laplace integral transformation system (1*) with due regard for the initial conditions
(2*) will be as follows:

(P + ap%(E, m, & P) + af*T*(¢, 7, P)
= - J() @b t.P) + aidin 1PN + Free . D,
— aPo(E, m, 4, P) + @ + PT*(E, 7, 1, P) b
=~ /() a0 t.p) ~ aren 0 + R0,

(2= &+ n2+ 1% J

|+ atp?) 93P2
D(§9 7 L P) - ._a‘P (P + a:P’)I

-

= P2 4 P(a? + at + aka,)p® + alalpt
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Denote by P, = — ap?, P, = — bp? the roots of the determinant D(¢, », {, P) with respect to the
parameter, P.

The analysis of these roots shows that the values a, b are positive. This means that we may assume
a=c%b=cl

From system (1**) the transforms of potential distributions of mass and temperature may be
written in the form:

D&, L, P D&y, & P)
5*(5’ 7, L, P) = leg—;%——’;—;, T*(f, 7 {, P)= D((;;Z é P;'
B ~/ (;2;) @3, + a3y + F} appt
Dy, L, P)= 2
—a J(ﬂ) B, + FF —aF* (P + ap)
(P + ap? —J()(a¢+a¢g)+F*
Dy(¢,7,L,P) = 2
—a,P —a’J(;)52+F;—a4FT

The transform of mass distribution of a bound substance in the expanded form will be,

—@e+am, /(2 eaen at, /() oaun

e & P) = D& L P) + —DE TP
LB L En L P) + PP D
DG, 7.5 P) :
where

@(173 C, P) = afél + agq-"% F*(fy 7, g) = ag(a4F1* - F;)'

For the parameter transition from the image to the original by the parameter ¢, we use the formula
for the determination of the original when the image is a normal fractional-rational function with
poles of the first order:

n(P) _ X On(Py)
R(P) — L RuPY

k=1

where P, are simple roots of integral function R,(P), n > m.
Using this formula and the corresponding theorem on convolutions we, in our case, obtain:

et =S ol )] [ 005 0 00

i (f, 7, )

_.ck

exp (Pyt), -+

|

x exp [— p¥cj(t — m)]dr + [F‘ End+ ] exp (— p2cit) p,

where
2 2
. — at — c}
k .
at + a® + ala, — 2c}
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Subject the function v*(¢§, 7, {, t) in variable, £, to an inverse Fourier cosine-transformation.
Then we get:

2
e ( (T a2a®
o m 4, 1) = Z 2o H [ 0 L)~ 0, L) ]exp [ + ) (t — 7) cf) dr

w al —
k=1

F(a, Fa, 7, Z)]

X Jw exp [—{%c}(t — 7) cos x{dE) + J [F,(a, 1, {) + exp [—ci(n? + 3)¢] . da
0

1]
X Iw exp (—{2. c¥) cos a { cos xC.dL’}.
0

Using the value of the improper integral

© 2
J exp (—a%x) cos (2bx) . dx = 3 exp (_ gz)

and the equality 2 cos a { . cos { = cos {(x + a) 4 cos {(x — a) we write:

2

o tn=> T2 [ [ 0000~ 0.10)]

8 exp [—(7* ?r-—;—g)‘r()t — 7)ci] . exp [33,’,(72:—;] dr + 2\/tj [Fl(a 7, §)
+ ) oo et + 0 [o (- C ) + exp (<E 5 ).

For the transition to the original in the remaining co-ordinates we use the conversion formula
for a two-dimensional Fourier transformation
1 »¥+ 22
exp [—(* + [a¥) = 5 exp ( e )

Thus after a reverse conversion through variables 5, { and application of theorems on convolu-
tions the function of mass distribution of bound matter will have the form:

2 .
D 1 e [ erBy, 1) X+ =B+ (z—7
Bkt ’)‘Z el e [ 2 e

=1

1 rj:twf:(a’ 8, ) exp [ (x—a) + (y - B)* (- 7)']

* BvEna? |
X [1 + exp (-— c_ff)] da dB d'y}. 6)

In formula (6) the following notation is adopted

’c
(pk(y’ 2, t) - g 'Pz()’, z, t) —a ‘Pl(}’ 2, t)’

aza 4

f:(—x, b ) z) = (1 + )fl(x’ ) z) C’ fs(xs Y z)

The transition from the image of the temperature dlstnbuuon function to the original is effected
by the same successive operations which were carried out in the determination of the distribution
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function of moisture. On this basis omitting these transformations we may write down the final
result:

2 ]
5, 1) = L B, [P =B+ (-
x, 2,0 = Z Yk {4[\/(1?)01.:]3 L L«J.,w Vi — 7 P [ P e '}

1 o t—o — 2 2 - _.
dedﬁd”"*'[_z'V(n—z)E[]'ﬁ L j‘- j £, B, y)exp[ (x —a) +(y4c§;3) +(z Y)’] L (7)
[1 + exp( “g)] da df dy}; |
where
0 = |2 a’] B0 50 + 55 g0,
fE*(x, 9, 2) =filx, y, 2) — fl(x, ¥ 2);
al — ck
Yi =

ad + al + aja, — 2cf

Formulas (6) and (7) represent a solution to the first problem with very general boundary

conditions.
It is known from the theory of 2 non-stationary heat and mass transfer process that the Soret

coeflicient has a very small valte, so that the second term in system (1) may in some cases be neg-
lected. When 2 = 0 formulas (6) and (7) after certain simplifications will be reduced to:

1 © foo oo —a)? L o me - )T
ufx, y, z, 1) = BVeDap L j j“mﬂ(ﬂ-s B, y) exp [(x ) (.VMJ) +( *y)]

1o ()] ener s [ I e

2 + —_ 2 + — 2
X exp {-« *+0 4a§g)_ T)(z ”)] drdg dy.

ey e

6

| U,

V[ [ _¢B») R+ —-BF+ -y
Y I L e e e

o aam ([ @By S ) e o 0l
Ha “a’)\/("“)LJ j - VI = 71 P [ @ — ]d dg dy

b maF ] s b e [ EZ PO B A o)

<[ om (- )| cber + s [, Awe

x exp [ (x — a)? + (y‘w’f)* +(z — y)‘] [I +exp ( {)} da dg dy.

~~
-~
*
S

e e e B e
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where

@(y,2,1) = P (. 2, 1) — @s(3, 2, 1);

(3, 2) =fi(x, 3, 2) — a. S, y, 2).

Formula (6*) represents the known classical solution of a thermal conductivity equation.
Consider a particular case of the given problem when the boundary conditions are constant
values.

Let

1

Si(x, y, 2) = uy == const., fi =(x,y,2) =60 = const.,

#i(y, 2, 1) = g, = const., @ = (9, 2, 1) = g, = const.
Then formula (6*) after some simplifications will be:

uglx, ¥, 2, t) = gy + gyx [erf(a) - —c—x—?%/::—z)] ces ®)
where
x 2 [a
a =2—a—1—\/—t; erf(a) =1 —erf(a) =1 — —\—/;J.oexp(—z”)dz.
Substituting the values u,, 8, g,, g, into formula (7*) we obtain:
2 2 a3

. x __* « _ | 90
Tyt BT T @i %

The solution of the second problem is carried out by the same methods as used in the first one.

The transition from the required functions u(x, y, z, 1), T(x, y, z, 1) to their images is effected by
the following successive integral transformations: double integral Fourier transformation by
variables y, z, sine-transformation by x and the Laplace transformation by time ¢. As a result of the
application of these transformations to system (1) and to boundary conditions (4) and (5) we find
the solution of a set of differential equations of internal heat and mass transfer in the images.

The transition from the image to the original is effected by reverse integral transformations They
are carried out in inverse order.

Omitting all these transformations we may write down the result of the second problem con-
sidered:

uGx, 3, 2, 1) = Z - {cz I tw [t G e )

X exp [_x” s (y‘;g(f)i-};)(z — Y)z] drdpdy + "\/%,T) jij r’ T (10

X [vi fi(as B, ) — g folos B, 7)] . €xp [ (x—of+ =P+ (z— y)’]

4cit

[1 — exp ( )] da dB dy} )

1
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I =
X €xp [_ x? -+ (zc;tﬁi-‘.;)(« 7)'] drdBdy + \/(l")JwJ.w J m[,\kf(a’B’Y) — xufs (2,8, 7)] an
« exp [ (x—a)t + (y4c B): + (z — ‘y)’] [ _ exo ( )] dadﬁd'y}

where

my = Akag(ag - cﬂ)- e = Akagc: Ve = 1 - Ak(a“l‘ — Cg); B = Akag;
Br = Aul(@® — chat — alacl]; v = Awadaccl; A = Ay(ad — cd);
Xe = aiagdi; Ay = (a} + a} + aja, — 2c)"L.

It should be noted that for the transition from the image to the original by parameter £ it is
necessary to use the known formula of the improper integral

4a%/(1%) 4at

With the help of a similar method the author has solved boundary problems of the first and the
second kind for a system of “»’* non-uniform differential equations of a parabolic type.

I fexp(—ad&t)sinx ¢dé = xv'm exp (— —Ji) (12)
0
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Abstract—Two problems for the system of equations of heat and mass transfer are considersd.
The Laplace-Fourier integral transformations are used for the solution.

Résumé—Deux cas de systéme d’équations de transport de chaleur et de masse sont considérés. Pour
les résoudre on utilise les transformations d’intégrales de Fourier et de Laplace.

—Die Gleichungssysteme fiir Wirme- und Stoffiibertragung werden auf zwei
Problemstellungen angewandt. Zur Losung dienten die Laplace-Fourier-Integraltransformationen.



