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NOMENCLATURE 

a, @, y, variables of integration over space co-ordinates ; 
7, variable of integration over time ; 
x, y, z, co-ordinates of a point in a three-dimensional space; 
t, time ; 
t, 7, 5, transformed co-ordinates x, y, z in an image region; 
P, parameter of the Laplace integral transformation over time t; 
F, sign of transition from an original to an image. 

THE present paper deals with an analytical theory of heat and mass transfer of a bound matter for a 
semi-bounded medium with boundary conditions of the first and second types. 

In Luikov’s papers the analytical theory of internal heat and mass transfer in capillary porous 
bodies is systematically developed, and is described by a set of partial differential equations of the 
parabolic type. This set in potential form may be represented as follows: 

au 
at = afVu + apT, 

aT al4 

at 
- =aiVT+a,st, 

where 
J 

P = g+ $ + F& = d-is the Laplace operator; 

U(X, y, z, t )-is the distribution function of a bound matter (moisture), kg/kg; 
T(x, y, z, t)-is the potential function of temperature distribution, deg; 
at-is the conductivity potential coefficient of the mass of bound matter, m*/hr; 
a:--is the heat conductivity potential coefficient (thermal diffusivity coefficient) m2/hr, ai = af6; 
84s the Soret coefficient, deg-l. 

Many problems in the analytical theory of heat and mass transfer phenomenon of bound matter 
are reduced to the solution of the set of equations (1) for different boundary conditions. Therefore 
the accumulation of solutions of system (1) at different initial and boundary conditions has con- 
siderable theoretical and practical interest. 
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Solutions for system (1) at boundary conditions of the first and second kinds for a semi-bounded 
one-dimensional and multi-dimensional medium were found by the author. These solutions are 
given below. 

Problem 1. Find functions U(X, y, z, t), T(x, y, I, t) in the region 

r 

o<xxco 

Q --cr,<y<co t > 0, 

‘--oo<Z<UI I 

satisfying system (1) and boundary conditions of the second kind : 

4% Y, GO) = fik Y, 8, m Y, GO) = J&-G Y, 4 ; (2) 

(3) 

Problem 2. Solve system (1) in the region of &? with boundary conditions of the first kind: 

u(x, Y, z, 0) = fi(x, Y, 4, Tk Y, =, 0) = _I&, Y, 4 ; (4) 

~(0, Y, r, 0 = MY, r, 0, T(O, Y, 2, t) = Mv, 2, 0. (5) 

Functions U(X, y, t, t), T(x, y , I?, i) are sought in the class for which the Fourier transformations 
in space co-ordinates and the Laplace transformation in time, t, in the region of s) are applicable. 
We start from the regularity of the functions being determined at infinity U(X, y, z, t) -+ 0, 
T(x, y, z, t) + 0 at rp = xa + y2 + Z~ + 00. 

The application of integral transformation methods in solving system (1) makes it possible to 
divide effectively the functions u and T and to carry out the solution of the problem to completion. 

Let 

then 

Denote 

1 * CO 
5 _-co J J _-m U(xYy9 z, t) exp [i(~y + &@I dy dr = U(X, 71, C, 0, 

; JymJ;, T(x,Y, =t t) exp [i(Ty + 4’z)l dydr = T(x, 7, 5, t), 

; J:aJzlr ($ iv) + !ff exp [i(~]y + ($1 dy dr = - (7’ + 5’) G, 7, 6, f>, 

2 JImJYa (i&T+ Z) exp [i(~y + 531 dy dz = - (7’ + 57 T(x, 7, 5, t). 

2 a0 

J-1 J 7r 0 
4% 7, L t> cos -d dx = u*(e, 7, 5, I), 

2 3o 

A-1 J 7r 0 
T(x, q, i, t) cos x E dx = T*(& 7, 5, t). 

Applying the cosine transformation to the second derivatives 

@V(X, 7, c, 0 anw, 7, r, 0 ~- 
aA2 3 ----ax4 
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with regard to transformed boundary conditions (3) 

1 m O” 
@k(% 590 = s _-m 

S J &..Y, ~0 exp WV + 5z)l dy dz (k = 1,2) _m 

we obtain 

(3*) 

‘2 JOJ * aa0 
- x --cQsx~dx=- pv*(&~,g,t)- 0, o axa J( f 1 @I(% 5, 

J(-1 2 7r J O m ---cosx5dx=-~T*(&~,5,t)- i?‘T a9 J( 2 - 1 @pz(?, 7r 5, 0. 

Apply to system (1) the bilateral integral Fourier transformation in variables, y, z, and the cosine 
transformation in the variable, x. Then, taking into account condition (3*) and the regularity of 
functions at infinity, we obtain: 

au* 
at= - af(P + 7” + P)o* - aXP + 9 + P)T* - 

J( 1 
z (@4 + a,“%), 

aT* -= 
at - a:(p + qs + ge)T* + a4 a; - ai JO 2 @* 

(I*) 
n 

For the system (l*) the initial conditions will be: 

F*(& 7, 5) = JOJ f ; Fk(x,q,g)cos x6 dx..., cm 

where 

Fk(x,q,g) = J(a) J~mJ;m .f&x, Y, 4 exp [i(v + WI dy dz. 

Assume 

a*([, 7, I, p) = 5,” r*(k rl,Lt) exp (-PI) dt, 

T*(I, ‘I, LO = Jo” T*(& ~~5, t) exp (-PO dr. 

Then after the Laplace integral transformation system (l*) with due regard for the initial conditions 
(2*) will be as follows: 

(P + c&W*& ~3 5, P) + &+T*(5, rl, 5, P) 
1 

=- JO 1 k+%(tl, LPI + a$ih 5,fYl + F:(S, 7, 0, I , 
- d+*(E, 3, 5, P) + (a:pe + P)T*(Z, 77, LPI cl**) 

2 
=- JO - 77 a$&, 5, P) - a&V, 7, 0 + F,*(k 7, 0, 

(P” = $ + 7% + P) I 
W, ‘I, 5, P) = I (P + a:p9 w2 

-a,P (P + 4V) I 
= Pe + P(af + ai + aiaa,)p2 + 4fa3,p4 
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Denote by P, = - apB, Pz = - bp2 the roots of the determinant I&$, q, 5, P) with respect to the 
parameter, P. 

The analysis of these roots shows that the values a, b are positive. This means that we may assume 
a = cf; b = c$ 

From system (l**) the transforms of potential distributions of mass and temperature may be 
written in the form: 

D&f, rl, L P) = 

- a,P - a2 62 f F,* - a,F: 
I 

The transform of mass dist. ri bution of a bound substance in the expanded form will be, 

aip2 

, 

(P f sip) 

(P + a:p2) - 

- (P + a:p2) f%, b, P) aiai 6&l* 5, P) 

a*((, g, 5, P) = 
W&v, 5, P) 

+ 
w.9 % L P) 

+ V’ + 4p2) FF (5, I, 5, PI + p2F*(g, 1. 0, 
W, I, 5, P) 

where 
&I, 5, P) = afd;, + a$$,, F*(E, r], 5) = a:(a,F: - F,*). 

For the parameter transition from the image to the original by the parameter r, we use the formula 
for the determination of the original when the image is a normal fractional-rational function with 
poles of the first order: 

Pm(P) n Q (PA 
R,(P) = n k c ep7 exp (Pd), 

k-1 

(+> 

where Pk are simple roots of integral function R,,(P), n > m. 
Using this formula and the corresponding theorem on convolutions we, in our case, obtain: 

X exP [- p2&t - 7>1 d7 + 
F*(k I, 0 

F: (5, 7, 5) + aa _ Ck ? exp (- p*c$) c, 
3 2 I i 

where 

ak = 
a!j - cg 

a: + ai + aia, - 2~;’ 
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Subject the function u*(.$, 7, 5, t) in variable, 5, to an inverse Fourier cosine-transformation. 
Then we get: 

n 

s m 

I*i X exp [+cf(t - 4 cos x5d51 + J [ F(a, ~4) 
0 

Fda, rl, 0 + ~7 I exp [-4W + PM . da 
0 a k 

J 
02 

X exp (-5’. c:t) cos a 5 cos x 5. d[ . 

0 > 

Using the value of the improper integral 

J 
00 l/n 

n 
exp (-a”~~) cos (2bx) . dx = 2a exp 

( 1 
- z 

andtheequality 2~0s ac.cos 5 = cos 5(x + a)+ cos 5(x - a) wewrite: 

For the transition to the original in the remaining co-ordinates we use the conversion formula 
for a two-dimensional Fourier transformation 

exp l-(7” + P)a2t ] + 2% exp (‘&) . 
Thus after a reverse conversion through variables 7, 5 and application of theorems on convolu- 

tions the function of mass distribution of bound matter will have the form: 

x[l +exp(-$]dadPdyj. (6) 

In formula (6) the following notation is adopted 

The transition from the image of the temperature distribution function to the original is effected 
by the same successive operations which were carried out in the determination of the distribution 
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function of moisture. On this basis omitting these transformations we may write down the 
result : 

final 

1 

I (7) 

1 

where 

CPPYY, =, 0 = p-q - a:] 4pdy, =, t) + $$$j yl(y, 3, r>r 

_f!*k Y, 4 =f&, Y, 4 - -ggpx, y, 4; 
1 

Formulas (6) and (7) represent a solution to the first problem with very general boundary 
conditions. 

It is known from the theory of a non-stationary heat and mass transfer process that the Soret 
coefhcient has a very small valtte, so that the second term in system (1) may in some cases be neg- 
lected. When a,t = 0 formulas (6) and (7) after certain simp~fi~tions wiIl be reduced to: 

%(X9 Yt z1 t) = [2~(+$ o 

x [I +exp(,--:-)I 
oDm co 

JJ J 
fi(a, Is, Y) exp 

(X - a)a 

Z 

f (Y - 812 + c= - r12 - 
-aJ -m 4a:r 1 i -) 

ay da 43 dY - 42/(& #co 00 

JJ J 

%IP, Ys 0 
___oD _mzi[(t - +I 

i 
1 I 1 0 

i (6*) 

x exp 
t 

- 
x2+(Y-@2+(z--)B &dp&, 

4a:(t - 7) 1 
1 tco m 

T&9 Y, z, 0 = 4_//(&) ; JJ J 94B, Y3 4 
-m -_m I/[@ - +f exp I x*+(Y -!9*+ (z-r>p dTdpdy 1 - -. 

4u3t - T) I I 

a44 tcO m 94% YY 4 - .- 
4(a - %4~3 o --co -a VW - d”f e’xp JJ J I 

X2+(Y--w+(~---~~* drdBdr -- ~_ 
qtf - 4 1 
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where 

dY7 29 0 = ggg pll(Y, z, 0 - q&y, z, 2); 
1 a 

.m Y9 4 =_Mx, y, 2) - $g+$* fik Y, z). 
1 a 

Formula (6*) represents the known classical solution of a thermal conductivity equation. 
Consider a particular case of the given problem when the boundary conditions are constant 

values. 

Let 
Qx, y, z) = u0 = const., fe = (x, y, z) = 8 = const., 

r&y, z, t) = q1 = const., qe = (y, z, t) = q8 = const. 

Then formula (69 after some simplifications will be: 

where 

4x, Y, z, 0 = u. + q,x 
[ 

erf (4 - 
exp (-a3 

I ad7r ‘*” (8) 

X 2 0 
a = 2a,z/,; erf ta) = 1 - erf (a) = 1 - 7r 

s 
o exp (_z2) h. 

Substituting the values uo, 8, ql, q1 into formula (7*) we obtain: 

To@, Y, z, 0 = 8 + q*x C exp (--0:) 
-erfh) - 

1 

Qd . fff . ql . x 

%2/T 
.s_a 

1 II [ 

exp (-a:) 

ad/n 
- erf (4 

1 
X 

(9) 
X 

=1= wt 9 =a=- (I*= a:--a:-. 
[ 

aP4ql 

I ! 
The solution of the second problem is carried out by the same methods as used in the first one. 
The transition from the required functions u(x, y, z, t), T(x, y, z, t) to their images is effected by 

the following successive integral transformations: double integral Fourier transformation by 
variables y, z, sine-transformation by x and the Laplace transformation by time t. As a result of the 
application of these transformations to system (1) and to boundary conditions (4) and (5) we find 
the solution of a set of differential equations of internal heat and mass transfer in the images. 

The transition from the image to the original is effected by reverse integral transformations They 
are carried out in inverse order. 

Omitting all these transformations we may write down the result of the second problem con- 
sidered : 

X [bJXa, A Y) - hf&4 B, 741 . exp 
[ 

(x - aI2 + (Y - B)’ + (z - Y) - 4cp 1 
x [l - exp (- $)] d~dfid~~. 
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2 

nx, y, z, 0 = 
c 

,&&j~ J~~s”..“““~;;)I~~~~“““’ 
k-l 

x exp 
1 

X2 + (y -B)" -!- (z - r) 
- 

4cgt - 7) 1 d~qdy+ zyJ J J Q) ~~A48,‘Y) - xkfi(a,P, Al (‘I) 

x exp 
[ 

(x - a)* + 0, - B)” + (z - A2 
- 

4cp 
--] [I -lexp;, a,,-, 

where 

mk = fflp# - CD; nk = Apicf; vk = 1 - A&~ - Cl); j~k = A@;; 

pk = A,[(# - C;)U; -U&C;]; Yk = A,&,c,g; /\k = A&z: - C;); 

xk = a$@,; Ak = (a: + a; + tz~q - 2c;)-l. 

It should be noted that for the transition from the image to the original by parameter f it 
necessary to use the known formula of the improper integral 

is 

J 
co 

f exp (--aa@) sin x [ dE = - --. 
0 

(12) 

With the help of a similar method the author has solved boundary problems of the first and the 
second kind for a system of “C non-uniform differential equations of a parabolic type. 
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Abdmet-Two problems for the system of equations of heat and mass transfer are considered. 
The Laplace-Fourier integral transformations are used for the solution. 

R&m&Deux cas de syst&ne d’&quations de transport de chaleur et de masse sont consid&&. Pour 
Its r&oudm on utiiise les transformations d’int&rales de Fourier et de Laplace. 

V-Die Gleichmgssysteme fiir Wiinne- und Stoffiibertragung werden auf zwei 
Problemstellungen angewandt. Zur Lasung dienten die Laplace-Fourier-Integraltransformationen. 


